On the graph inequality θE(G)⩾θE(Gm)  by Cho, Han Hyuk et al.
Discrete Mathematics 306 (2006) 738–744
www.elsevier.com/locate/disc
On the graph inequality E(G)E(Gm)
Han Hyuk Cho, Suh-Ryung Kim∗, Jung Yeun Lee
Department of Mathematics Education, Seoul National University, Seoul 151-742, Korea
Received 3 May 2002; received in revised form 12 August 2005; accepted 15 November 2005
Available online 3 April 2006
Abstract
Given a simple graph G, the mth power of G, denoted by Gm, has the same vertex set as G and an edge joining vertices x and y
if and only if there is a walk of length less than or equal to m from x to y. Let E(G) denote the edge clique cover number of G.
In this paper, we present chordal graphs G satisfying E(G)< E(G2), which answers a question proposed by Kang et al. [Graph
satisfying inequality (G2)(G), Discrete Math. 250 (2002) 259–264]. We also show that E(G)E(G2n+1) for any simple
graph G and for each positive integer n, and construct a graph not satisfying E(G)E(G2n) for each positive integer n. Then we
give a formula for E(T n) for a tree T in terms of the number of paths of length n − 1 of certain type and the number of pendent
vertices of T. Finally we present some open problems.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Given a simple graph G (throughout this paper, we mean a simple graph by a graph), the mth power of G, denoted
by Gm, has the same vertex set as G and an edge joining vertices x and y if and only if there is a walk of length less
than or equal to m from x to y. Powers of graphs have an application in the study of radio communication network (see
[9]) and have been a graph theory topic of much interest (see [1,2,8,10] for the study of powers of chordal graphs).
The edge clique cover number has applications in the trafﬁc phasing problem and a number of other assignment-type
problems and also has been widely studied (see [12] for a survey of results on edge clique covers).
Given a graph G, let V (G) and E(G) denote the vertex set of G and the edge set of G, respectively. A clique is a
set of vertices inducing a complete subgraph in G. An edge clique cover of a graph G is a collection of cliques that
include all the ends of the edges of G. The edge clique cover number of G, denoted by E(G), is the smallest number
of cliques in an edge clique cover of G. Recently, Kang et al. [7] studied the inequality E(G)E(G2). They showed
that a large number of graphs satisfy that inequality by giving the following proposition:
Proposition 1 (Kang et al. [7]). A connected graph with the property E(G) |V (G)| satisﬁes the inequality
E(G)E(G2).
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Then they found an inﬁnite family of graphs that do not satisfy the inequality and brought up a question asking
which graph G with the property E(G)< |V (G)| satisﬁes the inequality. As it is well-known that the edge clique
cover number of a chordal graph is less than its vertex number (refer to [4]), it was natural to ask if chordal graphs
satisfy the inequality (a graph G is chordal if every cycle in G of length greater than 3 possesses a chord, namely,
an edge joining two nonconsecutive vertices on the cycle). Although they were able to show that interval graphs (a
graph G is interval if it is an intersection graph of a family of intervals), dually chordal graphs (see [3] for deﬁnitions),
and power-chordal graphs (a chordal graph G is power-chordal if Gn is a chordal graph for any positive integer n)
satisfy the inequality, the question about whether or not chordal graphs satisfy the inequality was left open. Section 2
answers this question by constructing chordal graphs that do not satisfy the inequality. In fact, those graphs even show
that for any positive integer n, there exists a chordal graph G satisfying E(G2)E(G) + n. Section 3 shows that
E(G2n+1)E(G) for any nonnegative integer n and constructs a graph G not satisfying E(G2n)E(G) for each
positive integer n. Section 4 gives a formula for E(T n) for any tree T. Section 5 presents some open problems.
2. Chordal graph G that does not satisfy the inequality E(G)E(G2)
We will construct chordal graphs that do not satisfy E(G)(G2). A cycle Cn = v1v2 . . . vnv1 is a chordal cycle if
the subgraph induced by {v1, v2, . . . , vn} is chordal. A subgraph Sn of G is a sunﬂower if it consists of a chordal cycle
Cn = v1v2 . . . vnv1 together with a set of n-independent vertices {u1, u2, . . . , un} such that for each i, ui is adjacent to
only vi and vj , where j ≡ i − 1(mod n). A sunﬂower Sn of G is called a suspended sunﬂower in G if there exists a
vertex w /∈ Sn such that w is adjacent to at least one pair of vertices uj and uk , where j /≡ k ± 1(mod n). Laskar and
Shier [8] showed that if a chordal graph contains a sunﬂower that is not suspended, then its square is not chordal. As it
has been shown that power-chordal graphs satisfy the inequality, we consider the following chordal graphs containing
a sunﬂower that is not suspended.
Given a positive integer n, we construct a chordal graphWn by taking the union of complete graphs on the following
vertex sets:
K = {v1, v2, . . . , v3n+12},
Xi = {vi, vi+1, ui, wi} (i = 1, 2, . . . , 3n + 12; Identify 3n + 13 with 1),
Y1 = {v1, v2} ∪ {u3i+1 : 0 in + 3},
Y2 = {v3i+1, v3i+2, u3i+1 : 1 in + 3}.
The subgraph ofW1 induced by the edges in cliques with vertex sets Xi (i = 1, 2, . . . , 15), Y1, and Y2 is drawn in
Fig. 1.
Now, we claim thatWn is chordal. Before we do that, we need the following theorem which is one of the characteri-
zations of the chordal graphs: If v is a vertex of a graph G, the neighborhood of v, denoted byN(v), is the set of vertices
adjacent to v, while the closed neighborhoodN [v]=N(v)∪{v}. Let a mapping  : {1, 2, . . . , |V (G)|} → V (G) be an
ordering of the vertices in G. We say that  is a perfect vertex elimination scheme if each set {(j) ∈ N((i)) | j > i}
is a clique in G.
Theorem 2 (Golumbic [4]). A graph G is chordal if and only if G has a perfect vertex elimination scheme.
We will give a perfect vertex elimination scheme of the vertices ofWn and it will follow from Theorem 2 thatWn
is a chordal graph. Order the vertices ofWn as follows:
w1, . . . , wi, . . . , w3n+12,
u2, u3, . . . , u3i−1, u3i , . . . , u3n+11, u3n+12,
u1, u4, . . . , u3i−2, . . . , u3n+10,
v1, v2, . . . , v3n+12.
We denote the above ordering by . We can easily check that wi belong to exactly one clique Xi from the construction
of Wn (i = 1, . . . , 3n + 12), u3i−1 belong to only X3i−1, and u3i belong to only X3i (i = 1, . . . , n + 4). Thus,
{(k) ∈ N((j)) | k > j} is a clique for j = 1, . . . , 5n + 20. Next is (5n + 21) = u1, which belongs to exactly two
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Fig. 1. The subgraph ofW1 induced by the edges in cliques with vertex sets Xi (i = 1, 2, . . . , 15), Y1, and Y2.
cliques X1 and Y1. Since −1(w1)< −1(u1) and X1\{w1} ⊂ Y1, {(k) ∈ N((5n+ 21)) | k > 5n+ 21} is a clique. It
is not hard to check that the subgraph induced by the remaining vertices {(j) | j > 5n+ 21} is the union of a complete
graph on K and a complete graph on Y1 − {u1}. Thus,  is a perfect elimination scheme andWn is chordal.
The following theorem claims thatWn does not satisfy the inequality. In fact, it even shows that E(G2) can be
arbitrarily larger than E(G) for a chordal graph G.
Theorem 3. For any positive integer n, E(Wn) + nE(W2n).
Proof. Recall thatWn is the union of the complete graphs on the following vertex sets:
K = {v1, v2, . . . , v3n+12},
Xi = {vi, vi+1, ui, wi} (i = 1, 2, . . . , 3n + 12, Identify 3n + 13 with 1),
Y1 = {v1, v2} ∪ {u3i+1 : 0 in + 3},
Y2 = {v3i+1, v3i+2, u3i+1 : 1 in + 3}.
It immediately follows that E(Wn)3n + 15. Also, it is not difﬁcult to check that each edge viwi is covered only
by Xi ; edge v1v3 is covered only by K; edge u1u4 is covered only by Y1; edge v4u7 is covered only by Y2. Thus,
E(Wn)3n + 15 and therefore E(Wn) = 3n + 15.
By the deﬁnition ofWn, wivi+1wi+1 (i = 1, . . . , 3n + 12), u1u3j+1w3j+1 (j = 1, . . . , n + 3) are paths of length
2 inWn. Thus, the following are edges ofW2n:
w1w2, . . . , wiwi+1, . . . , w3n+12w1, u1w4, . . . , u1w3j+1, . . . , u1w3n+10.
We will show that no two of these edges are covered by one clique ofW2n, which implies that E(W2n)4n + 15.
It sufﬁces if every two of these edges have ends at distance at least 3 inWn because these ends are not adjacent in
W2n. For edges wiwi+1 and wjwj+1 (1 i < j3n + 12), and edges u1w3i+1 and u1w3j+1 (1 i < jn + 3), it
can easily be checked by the deﬁnition of Wn that if k − l /≡ ±1(mod 3n + 12), then dWn(wk,wl) = 3. Now for
edges wiwi+1 and u1w3j+1 (1 i3n + 12 and 1jn + 3), note that dWn(wi, w3j+1) = 3 if i = 3j , 3j + 1, or
3j + 2; dWn(wi+1, w3j+1) = 3 if i = 3j + 2; dWn(u1, wi) = 3 if i = 3j ; dWn(u1, wi+1) = 3 if i = 3j + 1. Hence
E(W2n)4n + 15. 
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3. Graph inequality E(G)E(Gm)
In this section, we ﬁrst show that E(Gm)E(G) for each positive odd integer m. Then we show that this inequality
does not hold for any positive even integer by constructing a graph G satisfying E(G2n)> E(G) for each positive
integer n.
The clique graph K(G) of G has the set of maximal cliques of G as its vertex set and an edge between two vertices
if and only if the corresponding maximal cliques have a nonempty intersection. In other words, the clique graph of G
is the intersection graph of the maximal cliques of G.
Let G be a graph and K(G) be the clique graph of G. Let H(G) be a subgraph of K(G) induced by the vertices
whose corresponding maximal cliques form an edge clique cover of G. For each X ∈ V (H(G)), let X(n) denote the
union of all maximal cliques of G corresponding to the vertices in NH(G)n [X]. Then the following are true:
Lemma 4. For each X ∈ V (H(G)), X(n) forms a clique in G2n+1.
Proof. Take two vertices v and w in X(n). Then v ∈ Xv and w ∈ Xw for Xv and Xw in NH(G)n [X]. Since Xv
and Xw are adjacent to X in H(G)n, there are paths XvY1Y2 . . . Yk−1X and XZ1Z2 . . . Zl−1Xw in H(G) for some
k, ln. By the deﬁnition of H(G), there exist vertices vi ∈ Yi−1 ∩ Yi for i = 1, . . . , i = k and wi ∈ Zi−1 ∩ Zi for
i=1, . . . , i= l. Since Yi andZj are cliques for i=0, . . . , i=k and j =0, . . . , i= l, both sequences P =vv1 · · · vk−1vk
and Q = w0w1 · · ·wl−1w are walks in G. Now, PQ is a walk in G of length k + l + 1 which is less than or equal to
2n + 1. Thus, v and w are joined in G2n+1. 
Lemma 5. The set {X(n) |X ∈ V (H(G))} is an edge clique cover of G2n+1.
Proof. By Lemma 4, X(n) is a clique in G2n+1 for each X ∈ V (H(G)). Let vw be an edge in G2n+1. Then there
exists a (v,w)-walk P = v0v1v2 · · · vl−1vl (v = v0 and w = vl) in G for some l, 1 l2n + 1. The ends of each edge
on P belong to the same clique that is a vertex in H(G). Let Ki be a clique in V (H(G)) containing vi−1 and vi for
i = 1, . . . , l. Since vi ∈ Ki ∩ Ki+1, Ki and Ki+1 are adjacent in H(G). Now, K1K2 · · ·Kl is a walk of length at most
2n, and so K1 and Kl both are adjacent to K	l/2
 in H(G)n. Hence, vw ∈ K(n)	l/2
 and the lemma follows. 
Theorem 6. E(G2n+1)E(G) for any positive integer n.
Proof. By Lemma 5,
E(G
2n+1) | {X(n)|X ∈ V (H(G))}|.
Now |{X(n)|X ∈ V (H(G))}| = |V (H(G))| = E(G) and the theorem follows. 
The following theorem tells us that for every even power, there exists a graph not satisfying the inequality
E(Gm)E(G).
Theorem 7. For every positive integer n, there exist graphs G satisfying the inequality E(G)< E(G2n).
Proof. Given a positive integer n, we construct a graph G as follows: let C8n be a cycle x1x2 · · · x8nx1 of length 8n
and P4n a path y1y2 · · · y4n of length 4n − 1. In addition, let K and L be complete graphs with vertex set {x1, x8n, y1}
and {x4n, x4n+1, y4n}, respectively. Let G = C8n ∪ P4n−1 ∪ K ∪ L (see Fig. 2 for the case n = 2).
It can easily be checked that E(G) = 12n − 1. Consider the following edges of G2n (where all the subscripts are
reduced modulo 8n, with 0 identiﬁed with 8n):
(I) x1x2n+1, x2x2n+2, . . . , xix2n+i , . . . , x8nx2n;
(II) x1y2n, x2y2n−1, . . . , xiy2n−i+1, . . . , xnyn+1;
(III) x4n+1y2n+1, x4n+2y2n+2, . . . , x4n+iy2n+i , . . . , x5ny3n;
(IV) y1y2n+1, y2y2n+2, . . . , y2n−1y4n−1, y2ny4n.
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Fig. 2. E(G) = 23 and E(G4)24.
Note that the ends of each of these edges is at distance 2n in G. To show that no two of the above edges belong to the
same clique of G2n, we will check that every two of these edges have ends at distance at least 2n + 1 in G. Consider
any pair of edges where one edge is type (I) and the other edge is type (II), (III), or (IV). Then one edge has an end
in {xn+1, . . . , x3n} or {x5n+1, . . . , x7n} and the other has an end in {yn+1, . . . , y3n}. Since these ends have distance at
least 2n + 1 in G, the pair of edges are not in any clique of G2n.
Since cycles
C8n,D = x1x2 · · · x4ny4ny4n−1 · · · y1x1,
and
E = x4n+1x4n+2 · · · x8ny1y2 · · · y4nx4n+1
have length 8n and do not have a chord, any two distinct paths of length 2n that lie in C8n, D, or E have endpoints at
distance at least 2n + 1. Now, the speciﬁed edges of G2n cannot be in one clique unless one is type (II) and the other
is type (III). In this case, one edge has an end in {x1, . . . , xn} and the other has an end in {x4n+1, . . . , x5n}. Since the
distance between such vertices is at least 2n + 1, these edges are not in a clique, either.
Since there are 12n edges no two of which are in the same clique of G2n, it is true that E(G2n)12n. 
4. The edge clique cover number of T m
Kang et al. [7] gave a formula for E(T 2) for a treeTwith at least three vertices by showing that E(T 2)=|V (T ) | −t ,
where t is the number of pendent vertices in T. In the rest of this section, we will derive a formula for E(T m) for any
tree T and positive integer m, and we will give a very simple formula for the case m = 3.
A center of a graph G is a vertex u such that maxv∈V (G) d(u, v) is as small as possible, where d(u, v) denotes the
distance between u and v. It is a well-known theorem of Jordan [6] that a tree has either one center or two adjacent
centers. We start with the following lemma:
Lemma 8. Let Pi be the (si, ti)-path of length at least m in a tree T for i = 1, 2. Suppose that there is a center ci of
Pi that is not a center of the other path (a center of a path P means a center of the path graph P as a subgraph) for
i = 1, 2. Then one of s1, t1 and one of s2, t2 are at distance at least m + 1.
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Proof. Let P ′ be the minimal path between centers of P1 and P2. The intersection of P ′ and P1 must be contained in
a subpath P1 from one of its endpoints t to the closest center to t, because T is acyclic. The distance from P ′ to the
other endpoint of P1 is at least m/2, with equality only if m is even and P1 has length m. Similarly, P2 has an endpoint
at distance at least m/2 from P ′, with equality only if m is even and P2 has length m. These endpoints of P1 and P2
are joined by a unique path in T, so this path must consist of P ′ and portions of P1 and P2. It must have length greater
than 2 (m/2) unless m is even, P1 and P2 each have length m, and P ′ is trivial. But then P1 and P2 would have a single
center which must be the same vertex, a contradiction. 
Theorem 9. Given a tree T and a positive integer m,
E(T
m) =
{ |V (T	m/2
)| if m is even or T	m/2
 is trivial,
|V (T	m/2
)| − 1 if m is odd and T	m/2
 is not trivial,
where for i = 1, . . . , 	m/2
, Ti is the tree obtained from Ti−1 by deleting all pendent vertices of Ti−1 if Ti−1 is not K2
and by deleting one end of K2 if Ti−1 is K2 (and T0 = T ).
Proof. If T	m/2
 is a trivial tree (that is, |V (T	m/2
)| = 1), then the diameter of T is less than or equal to m and T m is a
complete graph. Thus E(T m) = 1.
Now, suppose that T	m/2
 is not trivial. For each vertex v in T	m/2
, v is not a pendent vertex in T	m/2
−1 (for otherwise
it is deleted when T	m/2
 is obtained). Let u1 andw1 be two distinct vertices adjacent to v in T	m/2
−1. If 	m/2
2, then
u1 andw1 are not pendent vertices inT	m/2
−2 and so there are verticesu2 andw2, both distinct fromv, that are adjacent to
u1 andw1 inT, respectively. By continuing in thisway,weﬁnd a pathP=w	m/2
w	m/2
−1 · · ·w1vu1 · · · u	m/2
−1u	m/2

of length 2	m/2
 in T such that v is a center of P.
We ﬁrst consider the case where m is even. Then for each v ∈ V (T	m/2
), let Kv be the set of vertices at distance at
most m/2 from v in T. We claim that C= {Kv : v ∈ V (T	m/2
)} is an edge clique cover of T m of the smallest size.
Since any two vertices in Kv are at distance at most m, Kv is a clique of T m. Take an edge e of T m. Let x and y be
the ends of e. Then there exists an (x, y)-path of length at most m in T. Let z be a center of this path and u be the vertex
that is the closest to z among the vertices in V (T	m/2
). If u is at distance at least m/2+ 1 from x, then the vertex on the
(x, u)-path in T that is at distance m/2 from x is in V (T	m/2
) and closer to z, which contradicts the choice of u. Thus,
u is at distance at most m/2 from x. For the same reason, u is at distance at most m/2 from y. Hence, e is covered by
Ku and so C is an edge clique cover of T m.
Now, we show that C is an edge clique cover of the smallest size. Take two distinct vertices v and w in T	m/2
. Then
there are paths Pv and Pw of length m such that v and w are centers of Pv and Pw, respectively, by the argument above.
Since m is even, v and w are only centers of Pv and Pw, respectively. Let sv and tv (resp., sw and tw) be the endpoints
of Pv (resp., Pw). Now, Pv and Pw satisfy the condition given in Lemma 8 and so one of sv , tv and one of sw, tw are
at distance at least m + 1 and so edges svtv and swtw of T m cannot be in the same clique. Hence, at least |V (T	m/2
)|
cliques are needed to cover edges svtv for v ∈ V (T	m/2
) and so E(T m) |V (T	m/2
)|. SinceC is an edge clique cover
of T m with cardinality |V (T	m/2
)|, it is an edge clique cover of the smallest size.
Now, suppose that m is odd. Then for each e ∈ E(T	m/2
), let Ke be the set of vertices at distance at most (m− 1)/2
from (the closer end of) e in T. We claim thatD= {Ke : e ∈ E(T	m/2
)} is an edge clique cover of T m of the smallest
size.
Since any two vertices in Ke are at distance at most m, Ke is a clique of T m. Take an edge e of T m. Let x and y be
the ends of e. Then there exists an (x, y)-path of length at most m in T. Let f be an edge of E(T	m/2
) that is closest to
a center of this path; if the path has two centers that are both in T	m/2
, then let f be the edge between the centers. By
applying a similar argument for the case where m is even, we can show that x and y are at distance at most (m − 1)/2
from an end of f. Thus, e is covered by Kf and D is an edge clique cover of T m.
Now, we show thatD is an edge clique cover of the smallest size. Take an edge e in T	m/2
. We contract e to obtain
T · e from T (that is resulting from deleting e and identifying the ends of e). Then it is easy to check that (T · e)i =Ti · e.
We denote the identiﬁed vertex by v∗. By the argument at the beginning of the proof, there is a path of length m − 1
whose center is v∗ in T · e. Such a path corresponds to a path of length m whose centers are the ends of e in T. We
denote one of such paths by Pe. Note that the ends of e are the only centers of Pe. For the same reason, for an edge
f distinct from e, there exists a path Pf of length m whose centers are the ends of f in T. Denote the endpoints of
Pe (resp., Pf ) by se and te (resp., sf and tf ). For distinct edges e and f of T	m/2
, Pe and Pf satisfy the condition
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in Lemma 8 and so one of se, te and one of sf , tf are at distance at least m + 1 and so edges sete and sf tf of T m
cannot be in the same clique. Hence, at least |E(T	m/2
)| cliques are needed to cover edges sete for e ∈ E(T	m/2
) and
so E(T m) |E(T	m/2
)| = |V (T	m/2
)| − 1. Since the size of D is |V (T	m/2
)| − 1, it is an edge clique cover of the
smallest size. 
By Theorem 9, E(T 2) = |V (T1)|. If T has at least three vertices, then |V (T1)| = |V (T )| − t , where t is the number
of pendent vertices in T. Thus, we immediately obtain the following corollary shown by Kang et al. [7]:
Corollary 10. Let T be a tree with at least three vertices, and t be the number of the pendent vertices in T. Then
E(T
2) = |V (T )| − t .
Again, by Theorem 9, E(T 3) = |V (T1)| − 1 if T1 is not trivial. Now the following corollary holds:
Corollary 11. Let T be a tree. If the diameter of T is greater than or equal to 3, E(T 3) = |V (T )| − t − 1, where t is
the number of pendent vertices of T.
5. Open questions
In this paper, for a positive integer n, we found chordal graphs G that satisfy E(G) + nE(G2). We ask whether
or not there exists a graph G with less vertices that still satisﬁes the inequality. We also propose the problem of
characterizing the chordal graphs that satisfy E(G)E(G2). Characterizing graphs satisfying E(G)E(G2) still
remains wide open.
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